Flexure hinges have been used in many engineering areas where high precision and sensitivity are required. Many kinds of flexure profiles were proposed during the past decade. Therefore, a general closed-form solution for flexure hinges of different profiles that incorporates the profile selection and parameter design will be of great benefit to the hinge design. The present work brings circular, right-circular, and elliptical profiles together by proposing a generalized flexure hinge model, which we call elliptical arc flexure hinges ͑whose maximum eccentric angle m ranges from 0 to / 2͒ to distinguish from the existing elliptical flexure hinge ͑ m = / 2͒. Based on the theories of mechanics of materials, all the elements in the compliance matrix for elliptical arc flexure hinges are deduced by introducing the eccentric angle of ellipse as the integral variable. These compliance equations simply boil down to four integrals, thus simplifying the compliance calculation. These equations also apply to elliptical ͑ m = / 2͒, circular ͑a = b͒, and right-circular ͑ m = / 2 and a = b͒ hinges. These compliance equations were checked by comparing them with the results of finite element analysis, the existing equations, and experiment results. The comparison results show that these generalized equations are concise and adequate for most design purposes.
I. INTRODUCTION
Flexure hinges in various forms find wide use in a variety of precision mechanisms such as micrograbbers, micropositioning stages, high-accuracy alignment devices, displacement amplifiers, and all kinds of parallel micromechanisms because they are small in size, high in sensitivity, and without mechanical friction and backlash.
Paros and Weisbord 1 introduced circular flexure hinges ͓Fig. 1͑c͔͒ and provided both full theoretical and simplified calculation equations for them in 1965. A right-circular hinge ͓Fig. 1͑a͔͒ is a special circular hinge with the maximum central angle m equal to / 2 ͑the cutouts are semicircular͒, therefore these equations also apply to right-circular hinges. In 2002, Wu and Zhou 2 presented more concise equations for circular flexure hinges, which simplified the design calculation. Wu and Zhou's equations have the same results as the exact ones provided by Paros and Weisbord, except the signs of ␣ z / F y and ⌬ y / M z are opposite.
The advent of CNC wire electrodischarge machining technology made producing hinges of arbitrary cutout profiles easier, and consequently flexure hinges of various cutout profiles were introduced and studied. Lobontiu et al. 3 presented the closed-form solutions for the in-plane compliance factors of corner-filleted flexure hinges, which were validated using finite element method and experiments. Lobontiu et al. 4 introduced parabolic and hyperbolic flexure hinges and derived both in-and out-of-plane compliance formulas. Secant and inverse parabolic flexure hinges 5 were introduced and studied as well.
There are several papers presenting design equations of elliptical flexure hinges ͓Fig. 1͑b͔͒. Smith et al. 6 derived closed-form compliance equations for elliptical flexure hinges by modifying the equations of Paros and Weisbord 1 for right-circular flexure hinges. These equations were verified by both finite element analysis and experiment. Tseytlin 7 presented thickness-dependent equations for elliptical hinges by following the method of inverse conformal mapping. A more tractable but less accurate compliance equation for elliptical hinges is provided in this work as well. Lobontiu 4 derived the in-plane compliance equations for elliptical hinges based on Castigliano's second theorem. His equations have the same results as the ones provided by Smith et al. However, the elliptical flexure hinges studied in these papers are formed by cutting two semielliptical cutouts symmetrically, namely, the maximum eccentric angle of the cutouts m = / 2, as shown in Fig. 1͑b͒ . Flexure hinges with elliptical arc cutouts of arbitrary maximum eccentric angle m have not been studied so far. This paper expands upon the previous work by presenting flexure hinges with elliptical arc cutouts of arbitrary m ͑ m ranges from 0 to / 2͒, which we call elliptical arc flexure hinges to distinguish from the existing elliptical flexure hinge. An elliptical arc flexure hinge is shown in ͓Fig. 1͑d͔͒.
In the vast family of flexure hinges, right-circular, circular, and elliptical flexures are most commonly used in flexure-based precision instruments. For a designer, it is burdensome to work with all these types of flexure hinges and their corresponding design equations in order to optimize instrument design. Experiments suggest that for hinge profiles of the same cutout length and same minimum width, right-circular hinges provide the most precise motion, elliptical hinges offer better results with regard to stress conditions ͑thus long fatigue life͒, and circular hinges provide a combination of these characteristics. Because this knowledge always drives the selection of different hinge profiles in instrument design, designers often choose hinge profiles without knowing for certain which one works best. [8] [9] [10] This situation impedes designers from finding the most suitable hinge designs for instruments. The elliptical arc flexure hinges presented in this paper provide a solution to this problem in the form of general closed-form equations, which encompass and expand upon circular, right-circular, and elliptical flexure hinges. This greatly simplifies the process of cutout profile selection and parameter design for the designer, making it possible to consistently find and utilize optimal hinge designs.
In a nutshell, we extend the definition of elliptical hinges by changing the parameter m of the cutout profiles from m = / 2 ͑semiellipse͒ to 0 Ͻ m Յ / 2 and correspondingly call them elliptical arc flexure hinges. By doing so, we derive a generalized compliance model for circular, right-circular, and elliptical flexure hinges, bringing all these hinge types together under one set of equations. It should also be noted that by extending m to 0 Ͻ m Յ / 2, this model extends the design domain of the profile beyond the scope of the other three kinds of flexure hinges.
In Fig. 2 , the relationship between circular, rightcircular, elliptical, and elliptical arc flexure hinges is shown, where the former three are subsets of the latter, with rightcircular hinges ͑a = b and m = / 2͒ forming the intersection between circular ͑a = b͒ and elliptical hinges ͑the eccentric angle becomes the central angle as a = b͒. All the closed-form compliance equations for elliptical arc flexure hinges are derived by introducing the eccentric angle as the integral variable, which makes them more concise and effective. According to Fig. 2 , these equations must also apply to elliptical flexure hinges when m = / 2, circular flexure hinges when a = b, and right-circular flexure hinges when a = b and m = / 2, allowing designers to utilize optimizing technique for hinge configuration design conveniently. Figure 3 shows a three-dimensional diagram of an elliptical arc hinge. Figure 4 shows an ellipse and its circumscribed circle of radius a and inscribed circle of radius b. We can obtain the eccentric angle corresponding to any point P on the ellipse by drawing a vertical line through P, which intersects the circumscribed circle at L above P ͑or below if P is on the lower semiellipse͒. This is , the angle between the radius at point L and the positive x axis ͑one of the axes of the ellipse͒. Moreover, the radius at L intersects the inscribed circle at N. Because the ellipse can be represented in a parametric form as 
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we know that point P has the same abscissa as point L on the circumscribed circle and the same ordinate as point N.
Therefore, for any point P on the ellipse, its coordinates are given by
The cutout profile of an elliptical arc hinge can be determined by the cutout length l =2c ͑as shown in Fig. 3͒ , the ellipse semiaxis along the cutout depth b, and the maximum eccentric angle m . The ellipse semiaxis along the cutout length a is given by
For the elliptical arc hinge shown in Fig. 5 , as the eccentric angle traverses from − m to m , the corresponding point on the elliptical arc cutout varies from P 1 to P 2 . Besides, when a = b, the ellipse becomes a circle, and the eccentric angle becomes a central angle.
III. ASSUMPTIONS
The derivation of the compliance equations is based on the following assumptions.
• For most applications, the minimum thickness of the flexure hinges t is much smaller than the cutout length l, so the hinge can be treated as a beam and the Euler-Bernoulli beam theory is applicable; that is, the approximate compliances of hinges can be obtained by integrating the linear differential equations of a beam based on mechanics of materials.
• It is assumed that the deformations of flexure hinges in all the directions are so small that superposition applies when a combination of loads is applied.
• Assume a flexure hinge as a six degree-of-freedom fixedfree beam subjected to bending, axial loading, shearing, and torsion, as shown in Fig. 3 . By defining the force actuating on the hinge by
and the corresponding deformations of the hinge by
the following relationship is obtained:
where C h is the compliance matrix of the hinge, which can be expressed by
Each element in the compliance matrix is derived from beam theory in the following. We also take the directions of forces, moments, and deflections into consideration. 2 Once the compliance matrix is obtained, the stiffness matrix of the hinge can be derived by
IV. COMPLIANCE EQUATIONS FOR ELLIPTICAL ARC FLEXURE HINGES
Slice the profile of the hinge region into thin vertical infinitesimal strips. The height of the infinitesimal strip dx at position x for an elliptical arc hinge can be expressed as ͑as shown in Fig. 5͒ h͑x͒
By introducing the eccentric angle, we have
and Eq. ͑9͒ can be rearranged to yield
Supposing s = b / t and substituting it into Eq. ͑11͒, the strip height at position can be expressed as g͑͒ = h͑͒/b = 2 + 1/s − 2 cos . ͑13͒
A. Angular compliance about the z axis
The z axis is the axis that outputs the desired rotation ͑also called flexible axis͒, so the angular compliance about the z axis is the most important parameter of the design of flexure hinge.
We denote the angular deflection about the z axis by ␣ z and ␣ z may be caused by moment M z or force F y . According to the Euler-Bernoulli beam theory, ␣ z caused by moment M z can be expressed as
where E is the elastic modulus of the material and I z ͑x͒ is the cross-sectional area moment of inertia about the neutral axis at the given position x. By substituting x with eccentric angle , the corresponding compliance can be expressed as
As to the force F y , its contribution to ␣ z equals its equivalent moment ͑c − a sin ͒F y about the z axis. Therefore, ␣ z caused by force F y is given by 
The second term in the above integrand is an odd function, so its integral has the value of 0. Therefore, the corresponding compliance is
B. Angular compliance about the y axis
Both moment M y and force F z may cause the angular deflection ␣ y about the y axis. According to the beam theory, ␣ y caused by moment M y can be expressed as
By substituting x with the eccentric angle , the corresponding compliance can be expressed as
As to force F z , its contribution to ␣ y equals its equivalent moment −͑c − a sin ͒F z about the y axis. Therefore, ␣ y caused by force F z is given by Again, the first term in the above integrand is an odd function, so the corresponding compliance can be written as
C. Linear compliance along the z axis
Linear deflection ⌬ z may be caused by moment M y or force F z . ⌬ z due to moment M y can be expressed as
where
we have The integrand in the second term of Eq. ͑25͒ is an odd function, thus the compliance is
⌬ z caused by force F z can be divided into two parts, one part is due to bending, the other is due to shearing. The bending part is
where where is Poisson's ratio, and
To sum up, the linear compliance due to F z is
͑34͒
D. Linear compliance along the y axis
Linear deflection ⌬ y along the y axis may be caused by moment M z or force F y . ⌬ y due to moment M z can be expressed as
The integrand in the second term of Eq. ͑38͒ is an odd function, thus the compliance is
⌬ y caused by force F y can be divided into two parts, one part is due to bending, the other is due to shearing. The bending part is
thus, 
͑45͒
E. Linear compliance along the x axis
We denote the linear deflection caused by tension load F x by ⌬ x , which can be expressed as
thus, the linear compliance along the x axis is
F. Angular compliance about the x axis
Denote the torsion angle due to moment M x by ␣ x . Because each infinitesimal strip of the hinge can be treated as a constant rectangular cross-section beam, according to the approximation equation given in Hearn's book, 13 ␣ x can be expressed as
where I t ͑x͒ is the torsional inertia moment of the infinitesimal strip at position x and I t ͑x͒ = ͓w 3 h͑x͒ + wh 3 ͑x͔͒ / 12. By substituting Eqs. ͑12͒ and ͑13͒ into Eq. ͑48͒, the torsional compliance can be expressed as
It should be noted that ␣ z / F y = ⌬ y / M z and ␣ y / F z = ⌬ z / M y , therefore the compliance matrix is a symmetric matrix, that is to say, there are eight independent design parameters in the matrix.
V. FOUR INTEGRALS IN THE COMPLIANCE EQUATIONS
The four important integrals N 1 , N 2 , N 3 , and N 4 are given as follows: 
VI. VERIFICATION OF THE COMPLIANCE EQUATIONS
The finite element software ANSYS was used to check the generalized compliance equations for elliptical arc flexure hinges under static loading. The physical and geometric parameters of five elliptical arc flexure hinges, including an elliptical one, a circular one, and a right-circular one, are listed in Table I . The finite element models ͑FEMs͒ of the flexure hinges were generated using four-node, three- Experimentation was also used to assess the validity of the angular compliance equation about the input axis ͑␣ z / M z ͒. Five elliptical arc flexure hinges made of 45 grade steel were machined by using wire electrodischarge machining technology according to the geometric parameters listed in Table I . Each hinge was machined as an "I" shaped sample with the upper and lower horizontal bars being separated by the hinge itself and a 45°wedge on the upper bar exactly above the hinge. The experimental setup comprises an optical platform, a 6500 A laser diode, a reflector ͑mounted on the wedge͒, a position sensitive detector ͑PSD͒, and the hinge sample, as shown in Fig. 7 . The lower bar is fixed to the optical platform, and the diode laser mounted immediately above the reflector that reflects a laser beam to the PSD. To improve the measurement precision, the distance between the PSD and the test hinge should be as long as possible. In the experiments, we put the PSD 500 mm away from the hinges. For each hinge, we loaded a mass of 200 g on both sides of the upper bar ͑force arm of 25 mm͒ to simulate two bending load cases, so two compliance values could be obtained. Therefore, the corresponding angular compliance was calculated as an average. It should be noted that this loading case will give an additional compression force to the sample; however, the potential error sources associated with this configuration, such as hinge compression and parasitic deflections, are negligible, as discussed by Smith et al. 6 When the hinge sample deformed due to the load, the PSD read the displacement of the laser spot on itself, which was used to calculate the angular deflection of the sample. The experimental results are summarized in Table III . The results are within 7% error compared to the analytical results in Table II .
It should be noted that although an elliptical arc flexure hinge is designed to primarily have large compliance about its input axis ͑␣ z / M z ͒, the torsional compliance ͑␣ x / M x ͒ is always comparable in magnitude. Therefore, the torsional compliance of elliptical arc flexure hinges should be treated carefully and used adequately. 
